I. INTRODUCTION
T HE wide-angle beam-propagation method (WA-BPM) based on the Padé approximant [1] - [3] has widely been utilized to analyze various optical waveguides. The higher order Padé approximants are efficiently treated with the multistep method [4] . To improve the accuracy of the WA-BPM, highly accurate finite-difference (FD) formulas have often been used. For graded-index waveguides, we applied the generalized Douglas (GD) scheme to the WA-BPM with the multistep method, leading to the fourth-order accuracy in space [5] , [6] . Chiou et al. extended the GD scheme to the analysis of step-index waveguides [7] . Although this GD-based improved-FD formula (IFD4) achieves the fourth-order accuracy, its application was limited to the modal analysis. Recently, we introduced the IFD4 into the WA-BPM with the (1,1) Padé approximant for the analysis of a waveguide-based demultiplexer [8] . Subsequently, Zhang et al. improved the IFD4-based WA-BPM using the multistep method [9] . Note, however, that all the WA-BPMs with the IFD4 were formulated only for two-dimensional (2-D) problems, although the Fresnel-based BPM with the IFD4 was developed for three-dimensional (3-D) problems [10] .
For 3-D problems, the noniterative alternating-direction implicit (ADI) scheme was not applied to the wide-angle formulation [11] , [12] , since the direct application gives rise to the zeroth-order splitting error term. To overcome this problem, we have proposed a semivectorial horizontally wide-angle BPM (HWA-BPM) based on the ADI scheme, in which the (1,1) Padé approximant is applied to only the horizontal direction, and the second-order FD formula (IFD2) is used to approximate the spatial second derivatives [13] . The HWA formulation reduces the splitting error to the first order, even though the noniterative ADI procedure is utilized. Very recently, the 3-D scalar WA-BPM with the ADI scheme was developed [14] . Although not explicitly described in [14] , our careful examination showed that the splitting error still remains the zeroth order. This letter is devoted to the development of a highly-accurate 3-D semivectorial HWA-BPM. In the formulation, the higher order Padé approximants are successfully incorporated into the horizontal direction with the help of the multistep method, and the IFD4 is utilized to approximate the spatial second derivatives together with the ADI scheme, while maintaining the tridiagonal matrices. As in the (1,1) Padé approximant [13] , the splitting error is reduced to the first order. Numerical results for a tilted step-index waveguide demonstrate the effectiveness of the multistep HWA-BPM. Also shown is the application to the analysis of a multimode interference (MMI) coupler.
II. FORMULATION The equation of the 3-D HWA-BPM for an
Padé approximant operator is expressed as (1) in which denotes the complex conjugate, and the Padé approximant is applied to only the direction, while keeping the paraxial approximation in the direction (the equation for corresponds to (3) in [13] ). In (1), the definitions of , , , and appear in [13] , and and represent the free-space wavenumber and the reference refractive index to be appropriately chosen, respectively. The coefficients 's are readily determined by the basic equation of the Padé approximant for a 2-D problem [3] .
To solve (1) with the ADI scheme, we split it as follows:
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The coefficients 's can be determined by the one-time solution of an th-order complex algebraic equation. Here, we approximate , in which represents or , using the IFD4, i.e.,
. The definitions of the three point FD operators and are found in [7] . Introducing the intermediate field , we derive the following ADI algorithm of the multistep HWA-BPM with the Padé approximant:
First, we obtain in (4) by the solution of a tridiagonal system of linear equations. To calculate , we next decompose (5) into an -step algorithm [4] . It is noteworthy that each step maintains a tridiagonal form, which can be efficiently solved by the Thomas algorithm. As a result, the HWA procedure proposed here requires the solutions of tridiagonal sets of linear equations. It is worth mentioning that the splitting error of the present HWA-BPM is reduced to the first-order as in the (1,1) Padé case [13] , which is readily confirmed by expanding (3).
III. NUMERICAL RESULTS
We investigate the effectiveness of the multistep HWA-BPM through the analyses of a tilted waveguide and an MMI coupler. In this letter, we study up to the (2,2) approximant, since approximants higher than (2,2) are not necessary required to generate reasonable results in the following waveguide analyses. The perfectly matched layer absorbing boundary condition [15] is used for each numerical example.
First, we analyze a tilted step-index waveguide, which is the same as that used in [13] . The tilt angle is set at or . The sampling widths are taken to be m and , in which the core width is m and the number of sampling points in the core along the direction is . It is noted that for all the interfaces between the core and cladding lie midway between the sampling points. In contrast, for and the waveguide is discretized with the so-called staircase approximation. Fig. 1 shows the guided-mode power of the field (the quasi-TM mode) observed at m, normalized to the input power of the fundamental eigenmode, as a function of reference refractive index . When the eigenmode field propagates without deformation, the normalized guided-mode power remains unity. It is clear that the increase in the Padé order leads to the improvement in accuracy for each tilt angle. This also means that the phase error of the propagating field is successfully suppressed regardless of the choice of [5] . In addition, the normalized guided-mode power becomes insensitive to the choice of with a decrease in the tilt angle. For each tilt angle, the maximum guided-mode power is observed around , in which is the effective index of the guided mode.
Note that the computation time of the IFD4-based method does not significantly increase when compared with the IFD2 counterpart for specific sampling widths, since the computation efforts are virtually the same for both methods due to the three-point FD formulas (e.g., the computation time using a PC with a 3.4-GHz CPU is about 165 s for the IFD4, and 123 s for the IFD2 with m). Nevertheless, the improved accuracy for the IFD4 is remarkable as shown in Fig. 2 , where the guided-mode power at m as a function of is presented. To obtain a converged solution, the IFD4 requires m, while the IFD2 m. This means that and for the IFD4 are The inset shows the convergence behavior of the coupling length with respect to 1 using the (2,2) approximant, in which 1z is fixed to be 0.1 m and n is chosen to be 3.42.
chosen to be four times as large as those for the IFD2. Therefore, the total number of sampling points for the IFD4 is reduced to one sixteenth of that of the IFD2, demonstrating a significant reduction in the computation time.
It should be noted that even when a straight waveguide is treated, the use of the Fresnel-based BPM gives rise to the phase error unless is chosen to be close to . For an MMI coupler, there exist several guided modes with their own 's, which determine the coupler length of the MMI section. These facts indicate that the phase error of the Fresnel-based BPM may affect the accuracy in calculating the coupler length. In contrast, the phase error is significantly reduced when the WA-BPM is utilized. Therefore, we next investigate how the HWA-BPM offers reasonable accuracy in calculating the coupler length of a rib MMI waveguide, even when is varied. The cross section of the input waveguide connected to the MMI coupler is the same as that of Fig. 1 in [10] . The width of the MMI section (15 m) is five times as wide as that of the input waveguide. The wavelength is m. The sampling widths are m. Fig. 3 depicts the coupling length of the quasi-TM mode in the MMI section versus , at which the overlap integral between the input and propagating fields becomes the first maximum. As can clearly be seen in Fig. 3 , the use of the (2,2) approximant significantly suppresses the dependence of on the coupling length. On the contrary, the results obtained from the Fresnel-based BPM depend on the choice of . Consequently, the HWA-BPM is effective not only for the wide-angle analysis, but also for the paraxial analysis involving several guided modes such as MMI couplers.
The inset of Fig. 3 displays the convergence behavior of the coupling length with respect to using the (2,2) approximant. It is seen that, when compared with the IFD2, the IFD4 provides faster convergence in which the difference in the coupling length is kept within about 0.2 m for m. As discussed above, the present method offers the wide-angle feature in the direction, while assuming the paraxial approximation in the direction. Therefore, strictly speaking, the wave to be treated must be paraxial in the direction. It can be expected, however, that the accuracy with respect to the direction is maintained provided that is chosen to be an (averaged) effective index of the beam propagating toward a specific direction, while the wide-angle feature in the direction is retained to some extent.
IV. CONCLUSION
We have developed a multistep HWA-BPM based on the GD scheme. The fourth-order accurate FD formula (IFD4) allows us to employ large spatial sampling widths when compared with the second-order counterpart (IFD2), leading to efficient calculations. Through the analyses of the tilted waveguide and the MMI coupler, it is demonstrated that the present HWA formulation offers high accuracy over a wide range of reference refractive index.
